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1 
Let We, w2, . . . . w, (n > 1) be positive numbers with Xi= 1 wk = 1. For 
every sequence x = (xi, . . . . x,) with all xk > 0 and for all real t, the mean of 
order t, M,(x, W) is defined as (C;= i WAX:)“’ if t # 0, and as nz= i xy 
if t = 0. 
For given positive xi, yi, i= 1, . . . . n, and real p and q such that 
p-‘+q-1’ 1 it is well known that Holder’s inequality is valid, 
(1) 
if p > 1. The reverse inequality holds if p -C 1 ( # 0). 
It is known (see, for example, Cl]) that the following converse of (1) 
holds. 
If O<m<xk/y;‘p<A4 (k=l , . . . . n), with the same conditions as for (l), 
we have for p > 1 
M,@Y, WI > A 
Mph w) M,(Y, w)' ' 
where 
A = IpJ “JJ 14) 1’g 
(M--m)“P lmMP-Mm~li’q 
IMP-mPJ 
(2) 
and the reverse inequality holds if p < 1 ( # 0). 
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Note that the following converse of (1) is also valid (see, for example, 
Cl]). 
With the same conditions, we have, in the cases p > 1 and p < 0, 
(M-m) i w,x,p+ (mlw-A4mq i wk Y;: 
k=l k=l 
<(MP-rnq i WkXk Yk- (4) 
k=l 
If 0 < p < 1, the reverse inequality in (4) is valid. 
The main purpose of this paper is to give “matrix versions” of 
inequalities (1 ), (3), and (4). 
2 
Let A be an n x n positive definite hermitian matrix and r a real number. 
There exists [2] a unitary matrix U such that 
A = U*[l,, &, . . . . A,] U, (5) 
where [A,, &, . . . . A,] is the diagonal matrix (l&jii) and where I,, AZ, . . . . A, 
(which are all positive) are the eigenvalues of A, each appearing as often 
as its multiplicity. U* means (e)‘, the transposed conjugate of U. Powers 
of A are defined by 
A’= U*[A;, ,I;, . . . . A;] U. 
A’, SO defined, depends only on A and r and is independent of the 
particular representation, (5 ). 
We note that for the inner product (A’x, x) (here x E (x1, . . . . x,)~, xj 
complex), we have (A’x, x)=x;=, 1 yj12 Iii, where y= (yl, . . . . y,)‘= Ux 
and so c;= 1 lyjl 2 = ~~=, lxJ\ 2. If x is of unit norm, then 
lim (A’x, x)‘l’ = 
r-0 
and, therefore, by (Aox, x)“’ we mean l-IT=, Ay12. 
THEOREM 1. Let A be an n x n positive definite hermitian matrix with 
eigenvalues 
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1, > i,, . Set y = A,/&, and let Y, s, p, q be real numbers such that 
l/p+ l/q= 1, alp>0 where a=ps-rq. Ifp> 1, then 
(A ‘+sx, x) 
(AsPx, x)“~ (A4’x, x)“~ 
B K, 
K= jpj l/P )q) ‘h y”iPY 
(?f/P _ l)‘/P (y”lY - 1(1/Y 
(6) 
(7) 
If p < 1 ( # 0) we have the reverse inequalities. 
Proof: We use (1) and (2) with 
X,-+& Yk-tGY wk= IYA2. 
Then we have 
i.e., 
Since 
(A ‘+sx, x) Ci=l lYk12 4” 
(AsPx, x)“p (A’%, x)‘lq= czII=l lvk12w1’pE;=1 lyk12Q71’q’ 
where C;=, JykJ2=C~!l Jx,J*= 1, (1) and (2) give (6). 
Similarly, using (4), we obtain the following: 
THEOREM 2. Let the conditions of Theorem 1 be satisfied. Then, if either 
p> 1 orp<O, we have 
~,~h(y~p- l)(A”Px, x)+A~‘P(~“‘~- 1)(Ar4x, x) 
<(y”- l)(A’+xx, x). 
If 0 < p < 1 the reverse inequality holds. 
Undefined quantities can be treated as limiting cases. 
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3 
Special Cases 
(a) If r = 0 (so that (AYrx, X) ‘ly = 1 and a = ps) and taking the l/s root 
in (6), p < 1, a < s, and Theorem 1 gives 
1 < (ASx, x)““/(,~“x, x)l“‘< K”“. 
This is an inequality involving the ratio of matrices considered in [3]. 
(b) Ifs= 1, r=O, p= - 1, q= l/2, (6) yields 
1~(Ax,x)(A-‘x,x)-16(~,+1,)2/41,i, 
the well-known Kantorovich inequality (originally due to Hermite). 
(c) If s=2, r=O, p= l/2, q= - 1, we get from (6), 
1 < (A2X, x)/(Ax, x)2 < (A, + 1J2/411,1, 
the inequality of Krasnoselskii and Krein (see, e.g., [3]). 
(d) If, in (6), s = 1, r = 1, (6) yields, for p > 1, 
(Ax, Ax) < (APx, x)“~ (Px, x)“~ < (l/K)(Ax, Ax), 
a matrix version of Holder’s inequality. 
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